
Semiempirical Theory of Surface Tension of 
Binary Systems 

Surface tensions of several binary mixtures are computed using the gradient 
theory of inhomogeneous fluids. The interfacial influence parameters are deter- 
mined from mixing rules and pure fluid experimental tensions. A comparison of 
the compositional dependence of the predicted and experimental tensions indi- 
cates that the best results for nonpolar hydrocarbons are obtained from a geomet- 
ric mixing rule for the influence parameter. Predicted tensions vs. composition for 
nonpolar systems are in excellent agreement with experiment, generally lying 
within 2% of observed data. Predictions are poor for alcohol solutions. 
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SCOPE 
The Peng-Robinson equation of state is used with the gra- 

dient theory of inhomogeneous fluids to investigate surface 
tension a,nd density profiles of binary solutions. Mixing rules 
are sougbt for the influence parameters cij of inhomogeneous 

fluid. Such mixing rules allow one to compute interfacial prop- 
erties from pure fluid data when similar mking rules are 
available with empirical or theoretical equations of state. The 
focus is on polyabmic fluids such as nonpolar hydrocarbons 
and alcohols. 

CONCLUSIONS AND SIGNIFICANCE 

A method for predicting the compositional dependence of 
surface tension of binary mixtures has been developed. The 
only input parameters required are the pure component criti- 
cal data and influence parameters c. The geometric mixing rule 

c,. = G. 

than differential equations, even for mixtures containing more 
than two chemical species. The model predicts the presence of 
surface activity in several systems. The predictions for alcohol 
mixtures are poor. As the equation of state used is known not to 
be accurate for alcohol, one cannot tell at this point whether the .. >, 
poor performance for alcohols arises from using gradient 
theory with constant influence parameters or from in- 
adequacies of the ~ ~ ~ ~ - ~ ~ b i ~ ~ ~ ~  equation of state. 

yields the best results for nonpolar mixtures and leads to the 
numericail simplification of having to solve algebraic rather 

THEORY 

Given an inhomogeneous system at temperature T ,  volumeV 
and with Ni particles of species i = 1,2, it can be shown (Bon- 
giorno et al., 1977) that the differential equations which govern 
the density variations through a planar interface are of the form 

where 

c.. = - kT s2Cbj (s,_n)d3s ’’- 6 

C t  denotes the direct correlation function between a pair of 
particles of types i and j ,  p!(_n) the local chemical potential 
of species i in a homogeneous state at composition n and pi 
the chernical potential of species i .  

Although Equation (2) is the rigorous expression for the 
influenc’e parameters, a more convenient approximate formula 
is (Vargas, 1976) 
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(4) 

where gij(s, _n) represents the pair correlation function between 
particles of species i andj,  with uij denoting the pair potential 
function between the corresponding molecules. Equations (2) 
and (4) have been shown to agree quite well for a simple fluid 
model (McCoy and Davis, 1979). 

It is now assumed that the pair correlation is a weak enough 
function of density that cij can be considered to be independent 
of composition. This assumption is supported by the works of 
Carey et al. (197th) and McCoy and Davis (1979) in which 
surface tensions and density profiles of simple one-component 
fluids were shown to be relatively insensitive (say 10% variation) 
to the density dependence of the influence factor. Given this 
assumption, the governing Equations (1) for a planar interface 
reduce to 

The boundary conditions associated with Equation (5) state 
that p -+ _n’ as I 4 m and _n + 2’’ as x -+ - m. Correspondingly, 
the density gradients, curvatures and all higher-order deriva- 
tives will vanish in the bulk phases. The bulk densities _n’ and 5’’ 
are computed via equalities of bulk pressures and chemical 
potentials for each species [which are equivalent to the bound- 
ary conditions on Equation (5)]. 
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An equation of state for homogeneous fluids is now required 
to determine an expression for the chemical potential. The 
equation of state used for the pressure Po of a homogeneous fluid 
has been developed by Peng and Robinson (1976) and is of the 
form 

(6) 
nkT n2a(T) P o = - -  

1-nb 1+2nb-(nb)’ 

As with any equation of state, mixing rules for the parameters 
must be  adopted to relate the mixture parameters to those of 
pure fluids. In this instance, they are of the form 

(7) 

where xi is the mole fraction of species i and 6, is an adjustable 
parameter, with aii and bi the pure component energy and 
volume parameters. The chemical potential expressions corre- 
sponding to Equation (6) are obtained from the appropriate 
thermodynamic relations. 

Although mixing rules have now been established for the bulk 
phase parameters, the relationship between the pure compo- 
nent influence parameters cii and the cross terms c12 has re- 
mained unspecified. Since these terms essentially represent 
weighted energy parameters, cl2 will be  scaled in the same 
manner as the bulk energy parameter a12: 

/3 is an adjustable parameter. The determination of the cll 
parameters from pure component surface tension data is de- 
scribed elsewhere (Carey e t  al., 1978b). 

The surface tension corresponding to Equation (1) is (Vargas, 
1976; Bongiorno e t  al., 1977) 

c12 = P G  (10) 

m 

or, from the profile independent equation 

where i can represent either species. a(?) represents a grand 
thermodynamic potential defined by 

(13) O(E) = f”(_n) - z nip! 
I 

where f”(_n) is the local Helmholtz free energy density of 
homogeneous fluid at composition 2. For the Peng-Robinson 
model 

NUMERICAL SOLUTIONS 

Before we seek a solution, it is convenient to put all variables 
in dimensionless form using the following relations: 

n? = nibl T* = blkT/al y = y b 1 2 1 G  
o* = b:o/a, ,  X* = x- pp = ~ b l / a l l  

P = b12Plall (15) 

ala, ,  b* = b / b l  co*p = c,,JclI (16)  

For the bulk and interfacial parameters 

a* = 

In these terms, the problem is now restated as 

where Ap%=p:*(_n*)-p% and cgl = c* ,~ .  The second set of 
equalities can be derived from the definition of a*(?*) and from 
the fact that the chemical potential expression p:* is the partial 
derivative of the Helmholtz free energy density f”*(_n*) with 
respect to n,*. 

Multiplying (17) by (dnTldx*) and (18) by (dn$ldx*), adding 
and integrating from a bulk phase, we get 

where 
The problem now arises as to the  method of solving a bound- 

ary value problem on the infinite domain (-m,m). This problem 
can be avoided by eliminating the differential terms in x* and, 
instead, solving one differential equation in the na - n*l phase 
plane, thereafter regenerating the x* dependence of n*l and n*2 
from Equation (19). With the appropriate manipulation, it can 
be  shown (Carey, 1978) that the phase plane differential equa- 
tion is given by 

= o*[_n*(x* -+ T m]. 

with the boundary conditions 
ng(nr‘) = ng’ (21) 
ng(n$”) = ng” 

The problem has now been posed on a bounded domain and can 
be solved using a finite difference technique. Once n%(n*,) has 
been determined, the profiles n$(x*) and n%(x*) can he derived 
by a rearrangement and integration of (19) to obtain 

Finally, the surface tension can be computed from either (11) or 
(12). 

For the s ecial case in which p = 1, the cross term becomes 
cT2 = e C * , ~ C ~ , ,  and Equations ( 1 1 )  and (18) become degenerate. 
In this instance, for a nontrivial solution to exist, it is required 
that 

(23) 

a single, nonlinear algebraic equation. By setting a value of nT, a 
corresponding value of n% can be calculated, and thus the ng - 
n*, solution path may be determined. This algebraic solution 
may also be used to verify the differential solution to (20) when /3 
= 1. For cases in which P # 1 ,  a second method was used 
(Carey, 1978) to check the results of the finite difference al- 
gorithm in the phase plane. 

For a system with v components, the geometric mixing rule 
reduces the differential profile Equations (5) to the set of alge- 
braic equations 

v“& Ap?(_n*) = V% Ap%(_n*) 

A j ~ * ~ ( _ n * )  = 6 A W * ~ ( _ ~ )  , i=2, ..., v (24) 
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TABLE; 1. EFFECT OF MOLECULAR SIZES ON ENERGY 
PARAMETERS 

.024 1 

P 

1.0 
1.5 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 

1.000000 
1.144714 
1.259921 
1,357209 
1.442250 
1.518294 
1.587401 
1.650964 
1.709976 
1.7651 74 
1.817121 
1.866256 
1.912931 
1.957434 
2.000000 

1.OOO 
1.011 
1.033 
1,059 
1.086 
1.114 
1.141 
1.168 
1.194 
1.220 
1.245 
1.270 
1.294 
1.318 
1.342 

1.OOO 
1.006 
1.020 
1.035 
1.051 
1.067 
1.082 
1.097 
1.112 
1.126 
1.140 
1.154 
1.167 
1.180 
1.193 

MIXING RULES 

Although the mixing rule parameter /3 must be calculated 
empirically, it is possible to qualitatively determine its value 
from a simple molecular model. Substituting a Lennard-Jones 
potential 

into (4) and approximating the correlation function by a step 
function 

we find 
cij ~ j € i j  (27) 

uu and cij represent length and energy parameters characteristic 
of molecular interactions between the species. 

Using the conventional mixing rules for the molecular param- 
eters of the Lennard-Jones potential 

with the definition of /3 = c 1 2 1 G  , we find 

This expression attains its minimum value of unity at a, = ul. A 
molecular volume ratio (u$ua of 8:1 corresponds to a p value of 
1.34 (see Table I).Thus, the simple model predicts that pwill be  
a weak function of the volume ratio and ought to be well apprm- 
imated by unity. 

A similar analysis can be performed for the energy parameter 
aaB which is generally defined by 

Defining (1-6)= a l z l G ,  we find for this simple molecular 
model 

Like p, (1 - 6) is a weak function of the volume ratio (see Table 1) 
and attains a minimum value ofunity, or 6 = 0. This value will be 
used in all calculations presented herein. 

Empirical values for the mixing parameter were obtained by 
fixing a liquid phase mole fraction and parameter j3, calculating 

.015 "1 W 
p= .2 

.2 .4 .6 .8 1.0 

YI  
Figure 1. Surface tensions for mixtures of cyclohexane (1) and iso-octane 

(2) at 303°K for several values of P. 

the corresponding surface tension and then comparing it with 
experimental data for the binary system. The pure fluid cii 
parameters were determined by fitting theory to experiment for 
pure fluid tensions. By varying the mole fraction and the mixing 
parameter, a complete picture of the surface tension depen- 
dence on these two parameters was obtained. Results for two 
characteristic systems are illustrated in Figures 1 and 2. The 
dependence of the surface tension on the p parameter at fixed 
composition is illustrated in Figure 3 and is representative of the 
general behavior observed. In all nonpolar systems studied, the 
optimal /3 parameter was found to be equal to or slightly greater 
than unity. Best results were obtained for binary systems in 
which the molecules were similar in size (as measured by the 
volume parameter b) and were nonpolar in nature. 

The influence of /3 on the phase plane solution to Equation 
(30) for a binary hydrocarbon system and a binary alcohol system 

i / p = 4  

\ p = O  

I 
I 1 

.2 .4 .6 .8 I .o 

Figure 2. Surface tensions for mixtures of n-butanol(1) and methanol (2) 
a t  298°K for several values of p. 

y2 
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Figure 3. Surface tension variation with p for n-butanol and methanol 
y 1=0.56. 

is shown in Figures 4 and 5. A change in this parameter has very 
little influence in the gas phase of the system, while a t  higher 
densities it significantly alters the character of the curves. Spe- 
cifically, higher values of P tend to introduce surface activity 
(that is, a density maximum) in one of the species. 

PREDICTED SURFACE TENSIONS OF BINARY MIXTURES 

From the work discussed in the preceding section, we con- 
clude that simplicity, accuracy and the success of the estimates 
suggest the mixing rule P = 1. Thus we have used = 1 and 6 = 
0 to analyze several binary systems. A related mixing rule has 
been introduced by Girifalco and Good (1957) and explored for 
binary liquid-vapor interfaces by Winterfeld, Scriven and Davis 
(1978). As illustrated in Figures 6 to 10, predicted compositional 
dependence of surface tension agrees well with experimental 
data. The predictions in Figure 10 compare favorably with ex- 
periment at two temperatures. 

Corresponding to each surface tension prediction is a solution 
path in the phase plane, several of which are shown in Figure 11. 
The presence of surface activity is indicated by a maximum in 
the density of one of the species. While this behavior is appar- 
ently present for all mole fractions in the example given, in 
certain systems it occurs only over a restricted compositional 
range. 

As described earlier, phase plane solutions are transferred 
into spatial solutions by the integration of Equation (22). An 
example of a typical surface active system is illustrated in Figure 
12. In this instance, the density profile of one component goes 
through an inflection point in an apparent response to the corre- 
sponding surface activity of nf. 

Although the geometric rule is quite successhl in describing 
binary hydrocarbon systems, it does not yield good predictions 
of the behavior of binary alcohol systems. As illustrated in 
Figures 13 and 14, predictions of surface tensions usingr/3 = 1 
are quite poor. These predictions appear even worse in  view of 
the closeness of the pure component surface tensions. Unfortu- 
nately, certain numerical difficulties are encountered in solving 
systems for which p > 1. In addition, the character of the phase 
plane solution dramatically changes as /3 increases through 
unity. These problems require additional investigation and will 
not be discussed further in this publication. 

A summary of the results using the geometric mixing rule is 
given in Table 2 for several binary mixtures. A measure of the 
deviation between predicted and experimental values is given 
by the quantities A and A,,,, where 

- 
, p P t  - ,pod 

A, = i =  1 , .  . . N 

- 1  A =  - - A i  
N 

a5 1 
.4 

.3 

.2 
n.2" 

.I 

I I I I I I 

.I .2 .3 .4 .5 .6 
n;" 

Figure 4. Phase plane solution for iso-octane (1) - cyclohexane (2) at 
303°K for several values of p. y1=0.56. 

.2 .4 .6 
n,* 

.8 

Figure 5. Phase plane solutions for n-butanol (1) and methanol (2) at 
298°K and ys = 0.202 for several values of p. 

Theory 
0 Experiment 

.020/ 
0 

0 

0 

h 
0.2 0.4 0.6 0.8 1.0 

y2 
Figure 6. Surface tensions for mixtures of cyclohexane (1) and n-heptane 

(2) at 298°K for p = 1. 
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Figure 7. Siurfoce tensions for mixtures of n-dodecane (1) and iso-octane 

(2) or 303°K for p = 1. 
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Figure 8. Surface tensions for mixtures of benzene (1) and iso-octane (2) 

ot 303°K for p = 1. 

o 298 K T 
. 

0 . 
0 

L 

y2 
0.2 0.4 0.6 0.8 1.0 

Figure 9. Surfoce tensionsfor mixtures of cyclohexane (2) and iro-octane 
(1) at 303°K for p = 1. 

Amax = mmt(4) (32) 

N is the number of different mole fractions a t  which 4 is com- 
puted. In all hydrocarbon mixtures examined, the mean devia- 
tion of predicted surface tensions from experimental data is 
within 2%, while alcohol systems show a much greater disparity. 

DISCUSSION 

Given the complex nature of the molecules studied and the 
reliance on pure component data alone, the agreement of the 
surface tensions predicted by the geometric mixing rule with 
experimental data is excellent. A possible explanation of this 
rule is demonstrated herein by a Lennard-Jones model of 
the parameter. Although this simple model assumes a structure- 
less system of spherical molecules, its prediction of a volume- 
ratio-dependent parameter does appear to be  borne out. The 
hydrocarbon systems studied were composed of similarly sized 
molecules and showed the best agreement between predicted 
and experimental tensions; conversely, alcohol molecules 
showed a greater disparity in size and a corresponding decrease 

0. . 
0 '  

0 0  . 
Q 

0 '  

. 

0313 K 

Theory 
o Experiment 

,016 
0.2 0.4 0.6 0.8 1.0 

YI 
Figure 10. Surface tensiahs for mixtures of n-dodecane (1) and n-hexane 

(2) at 298°K ond 313°K for p = 1. 

in the quality of predicted tensions. In all cases, the mixing 
parameter appeared to be  greater than or equal to unity, as 
predicted by Equation (29). 

The poor results obtained for alcohol systems could arise from 
a number of factors. The Peng-Robinson equation of state is 
perhaps the problem. Although the equation of state predicts 
accurately the bulk properties of the nonpolar hydrocarbons 
considered here and of the butyl alcohols, it does not quantita- 
tively describe the bulk properties of methanol. An attempt was 
made to improve both bulk and interfacial predictions by fitting 
the S,, parameter to experimental data for the methanol-butanol 
system (Chu et  al., 1956). The change showed only minimal 
improvement in tension predictions. Because of numerical 
difficulty (which we are presently trying to overcome), p values 
only slightly greater than unity could not be  used. From the 
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Figure 11. Phase plane solutions for iso-octane (1)- cyclohexane (2) at 
303°K for several liquid compositions. /3 = 1. 
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Figure 13. Surface tensionsfor mixtures of n-butanol(1 )and methanol (2) 
at 298°K for P = 1. 

trend shown in Figure 2, it is reasonable to expect such values of 
p to lead to better predictions. It is also possible that a dipole 
induced surface voltage occurs at polar interfaces and affects the 
tension. This effect can be included in the basic equations of the 
theory, but we have not investigated the matter at this point. 

The value of the theory developed here lies only partly in its 
ability to predict tensions of planar interfaces. Empirical corre- 
lations may well serve this purpose. However, the detailed 
molecular structure of the interface zone provided by the 
present theory cannot be obtained from empirical correlations. 

Y I  

A c . I  

-3 -I  1 3 
X* 

Figure 12. Density profiles for iso-octane (1 1- cyclohexane (2) at 303°K 
for /3=  1. 

.024 1 
o Experiment 
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I 
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2 4 6 .8 I .o 
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Figure 14. Surface tensions for tert-butanol(1 )and methanol (2)at 298°K 
for p = 1.  

Thus, the theory is important as a basis for understanding sur- 
face activity, the molecular compositions of interfacial zones, the 
mechanisms of low tensions, t h e  relationship between 
homogeneous fluid equations of state and inhomogeneous fluid 
properties. Moreover, the theory is not restricted to planar 
interfaces. With appropriate choice of geometry and boundary 
conditions, it can be applied to the study of other fluid mi- 
crostructures such as thin films, drops, bubbles, micelles, mi- 
croemulsions and liquid crystals. Such applications will form the 
basis of future publications. 

TABLE 2. AVERAGE AND MAXIMUM ERRORS IN PREDICTED SURFACE TENSIONS 
- 

T("K) W m )  YzO(NW A 

Cyclopentane-carbon tetrachloride 
C yclopentane-tetrachloroethylene 
Cyclopentane-benzene 
Cyclopentane-toluene 
C yclohexane-benzene 
Cyclohexane-(cis)decalin 
C yclohexane-(trans)decalin 
C yclohexane-toluene 
C yclohexane-(n)hexadecane 
Iso-octane-cyclohexane 
Iso-octane-dodecane 
Iso-octane-benzene 
(n)hexane-(n)dodecane 
(n)hexane-(n)dodecane 
Methanol-(n)butanol 
Methanol- but an 

298 
298 
298 
298 
293 
298 
298 
298 
298 
303 
303 
303 
298 
313 
298 
298 

0.02185 
0.02185 
0.02185 
0.02185 
0.02438 
0.02438 
0.02438 
0.02438 
0.02438 
0.01789 
0.01789 
0.01789 
0.01794 
0.01638 
0.02210 
0.022 10 

0.02613 
0.03130 
0.02820 
0.02794 
0.02886 
0.03224 
0.02997 
0.02794 
0.01980 
0.02377 
0.02447 
0.02753 
0.02469 
0.02342 
0.024 18 
0.02011 

0.00 
0.01 
0.02 
0.01 
0.01 
0.00 
0.01 
0.02 
0.00 
0.00 
0.01 
0.01 
0.00 
0.01 
0.04 
0.07 

A,,, 
- 
0.00 
0.01 
0.02 
0.01 
0.02 
0.01 
0.01 
0.02 
0.01 
0.00 
0.07 
0.02 
0.00 
0.01 
0.05 
0.12 
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NOTATION 

U = IPeng-Robinson energy parameter 
b = IPeng-Robinson volume parameter 
c = interfacial influence parameter 
C = direct correlation function 
f = :Helmholtz free energy density 

= pair correlation function 
= Boltzmann’s constant 

g 
k 
n = number density 
P = pressure 
T = temperature 
U = intermolecular potential 
X = distance 
Y = mole fraction of species 

+ = ideal fluid 
* = dimensionless 
I ,  11 = bulk phases 

Greek Letters 

/3 
Y = surface tension 
s = adjustable energy parameter 
V = :gradient operator 
E = Lennard-Jones energy parameter 
CL = (chemical potential 
0- = Lennard-Jones length parameter 
0 = grand thermodynamic potential 

= iinfluence parameter scaling parameter 

Superscript!i 

0 = homogeneous fluid 

Subscript 

m = mixture 
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Mass Transfer and Adsorption in Liquid Full 
and Trickle Beds 

Experimental breakthrough curves were determined for a liquid full and a 
trickle bed reactor in which benzene was adsorbed from water on small activated 
carbon particles at  298°K and 1 atm. The step function of benzene was introduced 
into the water feed and the response measured in the liquid effluent. Benzene 
transfer a1r;o occurred from the liquid feed to the gaseous feed of pure helium. 

Moment analysis of data for liquid full conditions indicated that the first 
moment of the response curve could be used to obtain the adsorption equilibrium 
constant K for benzene on activated carbon. Comparison of results obtained by 
this new method with the K value determined from static equilibrium runs 
demonstrated the validity of the moment theory. 

Analysis of the response curves for trickle bed operation showed that the 
liquid-to-gas mass transfer coefficient (ka), could be evaluated from either the 
zero or first moment. Results were obtained in both the trickling flow and pulse 
flow regimes. Values of (ka), in the pulse flow regime, which were not heretofore 
available, were sharply higher than those for trickle flow. 

SCOPE 
Mass transfer between gas and liquid and also between 

liquid and catalyst particles can significantly affect the per- 
formance of trickle bed reactors (Satterfield, 1978; Goto and 
Smith, 1975). Steady state methods have been used to obtain 
transport coefficients in the trickling flow (gas continuous) and 
pulsing flow regimes by steady state studies. These experi- 
ments have been carried out by two methods: in the absence of 
reaction by dissolution of solids which were unlike porous - 
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catalyst particles, or under catalytic reaction conditions where 
reaction effects have to be accounted for before mass transfer 
effects are evaluated. 

One objective of our research was to use breakthrough curve 
(BTC) data to evaluate the gas-liquid mass transfer coefficient 
(ka),. Also, we wanted to carry out the experiments under 
conditions of rapid physical adsorption. Then equilibrium 
could be assumed at  an intraparticle adsorption site, avoiding 
the complications of finite reaction rate and possible variations 
in catalyst activity, etc. The procedure was to measure break- 
through curves in the liquid effluent when a step function of 
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